We report work done with T. Jayaraman in this talk 1 . In a recent paper, Hitchin introduced generalisations of the Teichmuller space of Riemann surfaces. We relate these spaces to the Teichmuller spaces of W-gravity. We show how this provides a covariant description of W-gravity and naturally leads to a Polyakov path integral prescription for W-strings.
Introduction
In an interesting paper (iii) These spaces have the dimension one would expect for Teichmuller spaces for W-gravity (as given by the zero modes of the antighosts). For example, for the case of WA (n?1) -gravity, the ghost system consists of (b (j) ; c (1?j) ) systems for j = 2; : : :; n, where the superscript refers to the spin of the eld. The number of antighost zero modes (for genus g > 1) is given by n X j=2 (# of b (j) zero modes) = (2g ? 2) n X j=2 (2j ? 1) = (2g ? 2) dim SL(n; R)]
In this talk, I will demonstrate the relation of the Teichmuller spaces of Hitchin to W-gravity. As we shall see this will enable us to give a gauge independent description of W-gravity using generalisations of vielbeins and spin-connection of usual gravity.
Before that let me discuss some open questions in W-gravity. First, from the viewpoint of string theory, one would like to know if there are any non-trivial examples of W-strings. The known ones are generalisations of \Liouville theory"which suggest that the c=1 barrier exist even in the case of W-strings 3 . Another question which Talk presented at the International Colloquium on Modern Quantum Field Theory II, Tata Institute of Fundamental Research, Bombay during Jan. [5] [6] [7] [8] [9] [10] [11] 1994 . y E-mail: suresh@theory.tifr.res.in arises is whether there is any geometric structure underlying W-symmetry. This geometric structure could be of the form of extra data on the Riemann surface or some immersion in a higher dimensional manifold. Also, we would like to have a gauge independent description of W-symmetry. An important feature of W-symmetry is its non-linear nature. Can we provide a setting where these non-linear transformations become linear? Can we introduce a w-coordinate like the Grassmann coordinates in supergravity? Is there a Polyakov path-integral prescription for W-strings? In this talk I will address some of these issues and hope to address them all in the future. Of course, I must point out that some of these questions have already been addressed in some form or the other in existing literature. However, no one has provided a complete answer to all these questions.
The plan of the talk is as follows: First, I will brie y discuss various de nitions of the Teichmuller space of Riemann surfaces. Then, I will introduce self-duality equations and illustrate it using the bosonic string. This will provide another de nition for Teichmuller space. We will then generalise to the case of arbitrary W-gravity but will use W 3 = WA 2 to give more details. Finally, I will discuss how W-di eomorphisms arise in this formulation.
Various de nitions of Teichmuller space
Consider a compact Riemann surface of genus g > 1. Teichmuller space can be de ned as follows T 2 ( ) = fspace of all metrics on g fdi g 0 fWeylg (1) = fspace of all metrics with constant negative curvature on g fdi g 0
(2) = a component of the space Hom( 1 ( ); PSL(2; R))=PSL(2;R) ; (3) where fdi g 0 refers to di eomorphisms connected to the identity. The de nition given in the third line follows from the uniformisation theorem. We know that can be described by quotient of the upper half plane (with the standard Poincare metric) by a discrete subgroup (Fuchsian) of PSL(2; R) which is isomorphic to 1 ( ). This provides a homomorphism of 1 ( ) to PSL(2; R) which is de ned upto conjugation in PSL(2; R) (since two Fuchsian subgroups give the same surface if they belong to the same conjugacy class). However the space Hom( 1 ( ); PSL(2; R))=PSL(2;R) has many disconnected components. The component of interest is speci ed by requiring that the rst Chern class of the U(1) part of the at PSL(2; R) bundle (associated with every homomorphism) is equal to (2g ? 2).
Self-duality equations
The self-duality equations (SDE) are F A + ; y ] = 0 ; (4) where A is a unitary connection on a holomorphic vector bundle V , F A is its eld strength. is a holomorphic section of End(V ) K (K is the canonical line bundle on ). (V; ) form a Higgs bundle. If a certain stability condition is satis ed and c 1 (V ) = 0, then the connection A (which is compatible with the holomorphic structure) satisfying (4) is unique 4;2 . The holomorphicity condition on is @ A = 0 : (5) Equations (4) and (5) imply that A A + + y is generically a at GL(n; C) connection z . We shall now illustrate how SDE's occur in the bosonic as well as Wstrings.
Bosonic String
Choose V = K ? 
where the metric on is given by g = h 2 dzd z. Here A is a SU (2) 
>From the above equation, we can see that the SU(2) connection is reducible to a U(1) connection which we will identify with the spin-connection on . Then the condition on F 0 is nothing but the constant curvature condition on the metric. Hitchin 2 has shown that the connection A has holonomy contained in a real form of PSL(2; C) which is PSL(2; R). In all the examples considered here, the holonomy will be contained in a real form. Hence, we shall treat A as a at PSL(2; R) connection.
Deform to = 0 h a h 0 dz ; (8) where a 2 Hom(K ?
is a holomorphic (follows from equation (5)). Again, it can be shown that the self-duality equations imply the constant negative curvature condition. This leads us to the following conclusion. The space of solutions of SDE connected to = 0 h 0 0 is the same as the space of constant negative curvature metrics. As already discussed this space is T 2 . So we now have an alternate de nition for T 2 .
We shall now make a direct connection with 2d gravity. We have already identi ed the U(1) connection A with the spin-connection on . We make another identi cation 5 + y = vielbeins e + ; e ? on : (9) z However, in the examples we will discuss here, one obtains a at SL(n; C) connection This implies that (A; e + ; e ? ) form a at PSL(2; R) connection. This has been observed earlier in the context of topological gravity 6 and later by H. Verlinde 7 . With this identi cation, one can see that the holomorphicity condition on the Higgs eld correspond to the torsion constraints imposed on the vielbein (in the conformal gauge). The metric g 2 is given by the quadratic SO(2) invariant { g 2 = tr(E 2 ), where E + y .
W String
The generalisation to the W-string case is now easy. We shall restrict our discussion to the WA ( n ? 1) string for simplicity. Following Hitchin 2 , we consider the vector bundle V n given by V n S n?1 (K ? 
where a i 2 K i+1 . Again A A + + y is a at PSL(n; C) connection provided the self-duality equations are satis ed. However, the at connection A has its holonomy contained in a split real form of PSL(n; C) which is isomorphic to PSL(n; R).
The bosonic string example suggests that we make the following identi cations A | generalised spin-connection for W-gravity. + y | generalised vielbein for W-gravity. Does this make sense? First, consider the space T n fa component of the space of solutions of SDE for (V n ; n )g x .
This component has dimension (2g?2)dim SL(n; R)], which as we have seen earlier is the dimension we expect for the dimension for the Teichmuller space for WA n gravity. Further, local deformations are given by quadratic, cubic, : : : di erentials. Also, the presence of higher order invariants lets us de ne higher order symmetric tensors. For example, for n = 3, the quadratic SO(3) invariant gives the metric (g 2 tr(E 2 )) and the cubic one gives a symmetric third rank tensor (g 3 tr(E 3 )). So this seems to suggest that the identi cations are sensible. In the So this seems to suggest that these identi cations are sensible. In the latter part of the talk, we shall demonstrate how the \usual" W-di eomorphisms are recovered in the conformal gauge. The selfduality equations (4) and (5) can now be interpreted as generalisations of the constant curvature condition and torsion constraints respectively. In the bosonic case, the constant curvature condition corresponded to gauge xing the Weyl degree of freedom. So restoring the Weyl degree corresponds to relaxing the constant curvature condition. In a similar fashion, in the general case, we can restore the the W-Weyl degrees of freedom by relaxing the generalised constant curvature condition (which is given by equation (4) (iii) The geometry is not Riemannian anymore in the sense that the torsion constraints are not su cient to determine the connection in terms of the vielbein. However, we can always choose a gauge where we trade one of the gauge symmetries to determine the connection in terms of the vielbein. 
W-di eomorphisms
The work of Gerasimov et al. 10 and subsequently that of Bilal et al. 11 has provided a geometric picture of W-di eomorphisms in the conformal gauge. They have shown that W-di eomorphisms correspond to deformations of certain ag manifolds. In their construction, the action of WA (n?1) di eomorphisms on vector space V = S n?1 (K ?   1  2   K   1 2 ) was demonstrated. This is precisely the space on which the Higgs eld acts. We shall show that this is not a coincidence and show that provided a certain constraint is obeyed, the SL(n; R) gauge transformations are equivalent to W-di eomorphisms. Other related works are 12 . The feature which is di erent in our formulation here is that one does not need to invoke matter elds in order to describe W-di eomorphisms. The role of projective connections is played by combinations of the generalised spin connections.
The bosonic case
As usual, the bosonic (PSL(2; R)) case shows us the way. Choose the Higgs eld as in eqn. (8) . Consider the elds (~ 1 ;~ 2 ) 2 (K 
Eqn. (13) implies that the elds i are holomorphic while the second eqn. (14) is a constraint on i . Interestingly, the self-duality equations (4) and (5) imply the consistency of the two conditions we have just imposed. The holomorphicity condition (5) on implies that ! z = ?h ?1 @ z h ; ! z = h ?1 @ z h ; (15) and the condition that a is holomorphic (@ z a = 0). We shall now rescale the elds 
( 1 ; 2 ) correspond to primary elds in the CFT sense, i.e., they have Einstein indices. This rescaling now enables us to make contact with di eomorphisms in CFT. Further, the Christo el connection are given by ? z zz = 2! z and ? z z z = 2! z . A simple calculation shows that conditions (13) and (14) The atness condition that has been considered in 10;11 is di erent from the atness condition implied by the self-duality equations. The PSL(2; R) gauge eld is a completely geometric object with no relation apriori to matter elds. However, certain special combinations of the spin-connection transforms like the Schwarzian. This combination can be related to the stress-tensor via Ward identities considered by Verlinde 7;10;11 . It can also be seen that W?transformations have a presentation here without directly involving \matter elds".
The compatibility of conditions (17) and (18) ). This is to explicitly demonstrate that u 3 also behaves like a generalised projective connection in the sense of 10;11 . Equations (25) and (26) are identical to those obtained in 10;11 . Using arguments identical to 10;11 we can show that the these two equations are equivalent to the following OPE's.
T(z) T(w) = c=2
(z ? w) 4 We have demonstrated how W?di eomorphisms are obtained in our formulation.
The interesting feature is that certain combinations of the generalised connection play the role of projective connections. So we do not need to introduce any new matter dependent elds to describe W-di eomorphisms.
Conclusion and Discussions
In this talk, we have related the Teichmuller components of Hitchin to the Teichmuller spaces for W-gravity. This lead to the introduction of generalised vielbeins and connections. One can now write out a Polyakov path integral for the W-gravity sector. Of course, the hard part is to understand how to couple matter to W-gravity in this formulations. The work of Schoutens et al. 9 could possibly give us a hint as to how to proceed.
In this talk, we had restricted ourselves to the genus g > 1 situation. What are the gauge groups for the g = 0; 1 cases? For the bosonic case, one knows the answer (SO(3) and ISO(2) IU(1). This suggests the following choices: SU(n) for g = 0 and IU(n ? 1) for g = 1.
In connection with W 3 gravity, we would like to mention the work of Goldman who has studied the space of convex RP 2 projective structures 15 (we shall call this space P( )). We would like to observe that dim P( ) = dim T 3 ( ). Hitchin has suggested that P( ) is a subspace of or possibly the whole of T 3 ( ). We conjecture that there exists a RP 2 structure in the case of W 3 -gravity { . Goldman has provided Fenchel-Nielsen coordinates (pants decomposition) for P( ) which implies we can discuss higher loop divergences in the context of W-strings just as in the bosonic string 17 .
We hope that the formulation of W-gravity presented in this talk will provide some simpli cations in the description of W-gravity as well as will lead to more insights into the geometric structures underlying W-gravity and also provide new realisations of W-strings.
